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FUNDAMENTAL FACTS ON TRANSLATIONAL
O-REGULARLY VARYING FUNCTIONS

Milan R. Taskovié¢*

Abstract. In this paper we introduce three new classes of
functions under names translational slowly varying, translational
regularly varying and translational O-regularly varying functions.
All classes have important applications in the study of asymptotic
processes. In this sense, Uniform Convergence Theorem, Charac-
terization Theorem and Representation Theorem are the main
results of this paper for all cite classes of functions. This results
are closely connected with the Karamata’s theory of regularly
varying functions. Also, in this paper we introduce three classes
of sequences under names translational slowly varying, transla-
tional regularly varying and translational O-regularly varying
sequences. All three classes have important applications in the
study of asymptotic processes. The results are of relevance in
connection with limit statements in various branches of probabil-
ity theory and ergodic theory.
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1. Introduction and history

We shall say that a positive, finite and measurable function R, defined

on I, := [a,00) for some a > 0, is a regularly varying function at infinity
(denoted this class by RV') in the sense of Karamata if the limit
R(\z)

is positive and finite for each A > 0. It follows immediately that k(A) = A?
for some p € R. The number p is the index of R.

The RV functions of index p = 0 are called slowly varying (denoted this
class by SV') functions and are denoted by L. Their interest lies in the fact
that R is a RV function of index p if and only if R(xz) = 2 L(x) on some I,.

Classes SV and RV of slowly and regularly varying functions were
introduced by Jovan Karamata in 1930. In this respect we refer to the books of
E. Seneta [26] and Bingham-Goldie-Teugels [7]. Both classes have important
consequences in the study of asymptotic processes.

In connection with the preceding, the most important properties of RV
functions may be stated as follows:

(a) (Characterization Theorem). If R is a reqularly varying function,
then the limit k(\) in (1) is necessarily of the form AP for some —oo < p < 00
and for each A > 0.

(b) (Uniform Convergence Theorem). The relation (1) holds uniformly
for X in any compact interval I C (0, 00).

(c) (Representation Theorem). There exists a number b > a such that

for x > b we have
R(x) = exp (a(x) + /bm @dt) ,

where « and [ are bounded measurable functions on I such that o(z) con-
verges to a real number and 3(z) — p as x — oo.

We notice that RV functions have been introduced by J. Karamata [17].
He proved for continuous function R the crucial of the here mentioned results.

The Uniform Convergence Theorem for measurable SV functions was
proved by T. van Aardennee-Ehrenfest, N.G. de Bruijn and J. Korevaar [31],
H. Delange [13], W. Matuszewska [22], and Bojani¢-Seneta [8].

The Representation Theorem for SV funictions L such that log L is
integrable on every compact subinterval of (a,c0) was proved in [31]. Finally,
the Representation Theorem in the present form, for arbitrary measurable SV
functions, was established by N. G. de Bruijn [11]; also and Bojani¢-Seneta [8].
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To extend Karamata’s ideas to O-asymptotic relations in 1936 V. G.
Avakumovié¢ introduced the class of O-regularly varying functions K (denoted
this class by ORV') which satisfy the condition

.. K(\x) . K(\x)
0< hxni)gf K@) < hin_?;p K@)
for every A > 1. In this form ORV functions were introduced by V.G. Avaku-
movi¢ [3] in a note concerning some tauberian theorems, but it was J. Kara-
mata [19] who in 1936 revealed their characteristic properties.

It happened that Bari-Steckin [5] in their well-known memoir on best
approximation, which appeared in 1956, indepedently introduced monotone
ORYV functions which tend to zero and developed their theory.

J. Karamata in 1936 proved that a ORV function K can be character-
ized by each of the following conditions:

(a) (Representation Theorem). There exist measurable and bounded
real functions « and 3 on I for some b > a such that for x > b

K(z) = exp (a(:u) + /jﬁ(t)%) .

(b) (Characterization Theorem). There exist four numbers 0 < m <
M < oo and p < 7 such that for y > x > b the following inequalities hold:

m (y)p < KW _ (Q)T.
x/) T K(x) ~ x
In this paper, we shall introduce some new classes of functions which
have further applications in the study of asymptotic processes and ergodic

theory. This facts are closely connected with the Karamata’s theory of regu-
larly varying functions.

< 00

2. Translational slowly varying functions

A positive, finite and measurable function A, defined on I, for some
a > 0, is said to be translational slowly varying at infinity (denoted this class
by T'r(SV)) if the limit
. Az +))
) A0 TAw)
for each A > 0. The most important properties of Tr(SV') functions may be
stated as follows:

Theorem 2.1. (Uniform Convergence Theorem). If A is a Tr(SV)
function, then for every [a,b], 0 < a < b < oo, the relation (2) holds uni-
formly with respect to \ € [a,b].

=1
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Proof. Let A be a Tr(SV) function and let f be defined by

0 if x<a,
fla) = { log A(z) if x> a.

Then, as is easy to see, f is a measurable function on R and

(3) fle+A) = fx) =0 (z — o0)

for every A € R. If we show that the following fact holds that

(4) sup |f(z+A) = f(z)[ =0 (z—o0)
0<A<1

the statement will clearly be proved. Suppose that (3) holds and that (4) is
not true. Then we can find § > 0 and sequences ()\,) and (z,) such that
An € [0,1], z, > n, and

|f(@n + An) = f(zn)| =6 forneN.
Let m* be the outer measure of subsets of R and for 0 < e < d/4 let

M, = {t : ilig|f($+t) — fla)] < 5}.

Since (M, N[0, 3]) is an increasing sequence of subsets of R converging
to [0, 3] we obtain

lim m*(M, N |0,3]) =3,

n—~o0o

and hence we can find s € N such that m*(M; N[0,3]) > 5/2. Let

B = {t:1f(t) = f(w.)] < £} Nzws +4]
C= {t: |f(t) *f(338+>\s)| < 5} N [$Sa$s +4]7
then B and C are disjoint measurable subsets of [z, s + 4] and thus we have
m(B) +m(C) < 4.
If we denote by X and Y the set M, N [0,3] translated by zs and
Ts + Ag, respectively, then it is easy to see that X € B and Y C C. Hence,
consequently,

IN

m* (M, N10,3]) =m*(X) < m*(B),

| oo Ot
IN

m* (M; N 10,3]) =m*(Y) <m*(C),
and thus so m(B) + m(C) > 5, which is impossible in view of the preceding
inequality m(B) +m(C) < 4. )

For the case of an arbitrary interval [a,b] define f(z) = f((b — a)x).
Then

fla+A) = f(@) = fly+n) = fly) + f& —a) - f(x)
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where y = (x —a)/(b—a), p = (A —a)/(b— a), so that y — oo if and only if
x — 00; i.e., A € [a,b] if and only if p € [0,1]. The proof is complete.
Annotation. The preceding proof follows the same ideas as the anal-
ogous proof of Lemma 1 in Bojani¢ - Seneta [8].
The following statement gives an integral representation theorem for
functions from the class T'r(SV).

Theorem 2.2. (Representation Theorem). If A is a Tr(SV') function,
then there exists a positive number b > a such that for all x > b we have

5) Aw) = ulayesp ( [ <(oar).

where p(x) is a positive and measurable function on I, such that u(x) — ¢ €
(0,00) as © — o0, and (x) is a continuous function on Iy such that e(x) — 0
(as © — o0). Conversely, if a function A of the form (5), then A is a Tr(SV)

function.

Proof. Let A be a T'r(SV) function and let f be defined by f(t) =
log A(t). Then, as is easy to see, f is a measurable function for ¢ > b, where
I, is the domain of A, and f satisfies the following condition that

fE+X)—f(t)—0 (t— )
uniformly with respect to A € [0, 1]. Define the function fi(t) b

t—n
Flt) = F)+6[7n+ 1) = )] [ (1 =)y
for n <t <mn+1, and all n € NU{0}. Since

fit) =6[f(n+1) = f()](t —n)(n+1-1)
for n <t <n+1, it follows that, for all n € NU {0}, f{(n) = 0. Hence, fi(¢)
is continuous and

A®] < 5[ 7+ 1)~ £(m)

for n <t <n+ 1. Also we obtain that

510 £0)| < [0 = 0] + 67+ 1) = 50| [ wia = )] =
=|f(n) - (]+\fn+1) fn)|(t —=n)*(2n+3 —2t) <
<|f(t) = f(n)| +3[f(n+1) — f(n)],

and thus, as t — oo, we have

fit) =0 and fi(t) - f(t) — 0.
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Hence, since the function x +— fi(z) it has continuous derivative for
x > b, we obtain

(6) filz) = /bl’ o(t)dt + constant,

where z — @(z) is a contunuous function for x > b. If to differentiate (6) we
have

fi(x) = p(x) for z >,
i.e., from the preceding facts, we obtain
(7) o(x) =e(x) for x> b,
with the function x +— e(x) which is a continuous function on I, such that
g(x) — 0 as x — oo. From (6) and (7) we obtain

(o) = esplfaa) = Coxp ([ etoyir).
where C is a constant. Also, from the preceding facts, we have
_ Ay(z)  Cexp (fl(x)) _
M= A0 T e @)
— Cexp (file) - f(@)) = C (x — ).

Aw) = payesp ( [ e(tar).

where p(x) and £(t) are as required the Representation Theorem.
Conversely, according to these conditions, every the function A(z), with
the representation (5), is a measurable function on I, and for every A > 0 holds

A+ exp ( /x H/\s(t)dt) —1

A(z)
< exp (Argw(t)> —1-0 (z— o0);

Hence

—1]l = <

(8)

and with this the proof is complete.

Remark. We notice that from the preceding proof of part (8) we have
a directly and a simple proof, in the proper manner, of the Theorem 1.

An illustration. We notice that a typical result of the Abelian nature
can be stated as follows. Let k£ be a measurable function such that

1 o)
/ £ k(t)]dt < o0 and / e k(t)|dt < o0
0 1

for some 0 < § < o0, then for every translational slowly varying function A

we have
. b Az +1) /°°
lim k(t)—————=dt = k(t)dt.
Jw | (t) A ; (t)
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3. Translational regularly varying functions

A positive, finite and measurable function f, defined on I, for some
a > 0, is said to be translational regularly varying at infinity (denoted this
class by T'r(RV)) if the limit

ICESY
©) MW

is positive and finite for each A > 0.

= h(})

A function f is said to be translational regularly varying at zero if f(1/z)
is translational regularly varying at infinity.

Translational regular variation can now be defined at any finite point a
by shifting the origin of the function to this point.

It is thus apparent that it suffices to develop the theory of translation
regularly variation at infinity, which we shall do, frequently omitting the words
”at infinity” in the sequel.

The fundamental statement of this section is the following, since it
shows that h(\) must have the form e, and so the f considered must be
translational regularly varying in the previously defined sense.

Theorem 3.3. (Characterization Theorem). If f is a translational reg-
ularly varying function (i.e., f € Tr(RV)), then the limit h(\) in (9) is nec-
essarily of the form e for some —oo < o < 0o and for each A > 0.

The number o is the index of f. The Tr(RV) functions of index o =0
are called translational slowly varying (I'r(SV)) functions and are denoted
by A. Their interest lies in the fact that f is a T'r(RV') function of index o if
and only if f(x) = e’ A(x) on some .

We shall proceed by proving Theorem 3 via a well-know variant state-
ment of Cauchy in the following form.

Theorem 3.4. Let r(y) be a real measurable function defined on I for
some b > 0. If

ry+m) —rly) = plp) asy— oo,
with finite p(p) and for each p € R, then
r(y) _ plw)

— = ——= =0 asy —
Y H

for each p # 0. Consequently, then p(u) = op for u € R. (See: A. Zygmund
34].)
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A brief variant proof of this statement based on Césaro limit of a se-
quence may be found in E. Seneta [26].

As an immediate application of Theorem 4, as a directly consequence,
putting r(y) = log f(y), A = u and p(u) = log h(u), we obtain the following
essential result.

Theorem 3.5. If f € Tr(RV), then there exists a real number o such
that for every A > 0 we have that

f(ﬂf + >‘) _ oA
e e as T — o0
f(z)
and such that

MHU as r — Q.
T

In connection with preceding facts, in further, from Theorem 5 we have
that every translational regularly varying function f has the representation
in the form

f(z)=e"A(z) for x >b,

where b > a, where o € R and A(z) is a translational slowly varying function.
In connection with this, from the preceding section and this facts, we
have the following fundamental statement.

Theorem 3.6. (Representation Theorem). A function f € Tr(RV) if
and only if there exist 0 € R and a positive number b > a such that for all
x > b we have

f(z) = p(z) exp <Ua: + /b me(t)dt) ,

where p(x) is a positive and measurable function on Iy such that p(z) — c €
(0,00) as x — oo, and £(x) is a continuous function on I, such that e(x) — 0
(as x — o).

Now, from Theorem 6, as an immediate consequence, we obtain the
following statement on uniformity of convergence in the following sense.

The following statement, the analogue of Theorem 1, ensures, under
measurability of f, uniformity of convergence of finite intervals in (9).

Theorem 3.7. (Uniform Convergence Theorem). If f is a Tr(RV)
function, then the relation (9) holds uniformly for A in any compact inter-
val I C (0,00).
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The proof of this statement is analogous to the proof of Theorem 1.
Annotations. In connection with the Characterization Theorem we
notice that from

fl@a+X+v)  fle+X+7) flz+N)
(Eq) @ f@N @

there follows, as x — oo,

h(X+7) = h(y)h(N)
for all nonnegative A and ~.

This is a form of the Cauchy (or Hamel) functional equation on the
nonnegative real numbers, for a function A > 0, which, being a pointwise
limit of measurable functions, is measurable.

It is known (see: J. Aczél [1]) that under these conditions the only
solutions are of the form e for —oo < o < oo.

Based on the above facts the proof of the preceding statement , as
and Theorem 3, we can give also serve as an illustration of the use of Lusin’s
Theorem in the present setting, which with Egorov’s Theorem and Steinhaus’s
Theorem, appear to be in the natural tools for the present theory.

Examples. The function A(z) = log(z + 3) for x > 0 belongs to the
class Tr(SV); also, the function

x
A(m):l/ _ forx >1
xJ; 1+logt
belongs to the class of Tr(SV). On the other hand, the function f(z) = €*
for z € R belongs to the class Tr(RV), but lim,_.o (f(Az)/f(z)) does not
exist, for example, for A = 3. Hence f ¢ RV.

Annotations. We notice, if f is a Tr(RV) function of index o, then,

from the preceding facts and results, the following statements hold:
a) lim log /(z) =0
T—00 x
b) The function log f(x) is locally bounded on I, for some b > a.
c) lim, 0 e ™ f(z) = 00 for 7 < 0.
d) lim, oo e ™ f(z) =0 for 7 > 0.

(e) For each pair of real numbers 7 and p with the property 7 < o < p,

the following facts hold):
: -7t —TT
%rzlg{e f@)} ~e ™ f(z) asz — oo,

sup{e ”'f(t)} ~e P f(z) asz — oc.
t>x

(
(
(
(

YDg(z) ~ afz) means g(z)/a(z) — 1 as & — oo.
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(f) For each pair of real numbers 7 and p with the property 7 < o < p,
the following facts hold:

sup {e "' f(t)} ~e " f(z) as x — oo,

b<t<zx
inf {e 7' f(t)} ~e P .
b%rtlgm{e f®)} ~e P f(z) asz— o0
(g) For each 7 < o the following fact holds that is
1 r 1
lim ——— () dt = .
i e f(x) /b eI o—T

(h) For each 7 > o the following fact holds that is

1 o0 1
lim ——— / e T (t)dt = .
z T—0

w5 ¢ (@)

4. Translational O-regularly varying functions

A positive, finite and measurable function f, defined on I, for some
a > 0, is said to be translational O-regularly varying at infinity (denoted this
class by Tr(ORV)) if the limit
A
(10) lim sup flat )
T—00 f(x)
is finite for each \ > 0.2
We notice, from (Eq), there follows, as x — oo, that
r(A+7) <r(M)r(y)
for all nonnegative A and . Consequently, to this functional inequality, we
have that f is a Tr(ORV) function at infinity if and only if

f(x+X\) =< f(z) (z— o0) foreach A > 0.

=7r(A)

20r, equivalently: if

. flx+ ) . flx+A)
liminf ————= >0 and limsup < 00
oo f(x) z—00 f(z)
for each A > 0. (We notice that if limsup r(\) = 1, then A — r()) is a continuous function.)

A—0
Dg(x) < d(x) (z — oo) means that there exist two numbers 0 < m < M < oo such that
the following inequalities hold

(z
(z

if we wish to precise that the preceding inequalities hold for z > a, we write g(z) < d(z) on
the interval I,.

<
-

m <

< M for x large enough;

s
N2
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Theorem 4.8. If f is a Tr(ORV) function and I any compact interval
in (0,00), then
A
lim sup M < 00

T—00 f(z)

holds uniformly for A in I, i.e.,

T—00 el

lim sup <Sup %) < .

Corollary 4.9. If I is any compact interval in (0,00), then the follow-
ing fact holds:

A
lim inf M
z—oo  f(x)
Corollary 4.10. The function logr defined by (10) is bounded on any
compact interval in (0, 00).

>0 wuniformly for A in I.

Corollary 4.11. There exists a number b > a such that the function
log f is locally bounded on I.

Indeed, let m, M and b be positive real numbers such that the following
inequalities hold:

mf(x) < f(x+A) < Mf(x) foreach A €[l,1+ €]

and for each z > b. Then, any s € [be™, be™ ], for n € NU {0}, is of the form
s =be" + X with A € [1,1 + €], so that

mf(be") < f(be" +A) = f(s) < Mf(be").

Remark. The proof of Theorem 8 follows the same ideas as the proof
of Theorem 2.12 in E. Seneta [26] and as the proof of Theorem 1 in Aljanci¢
- Arandelovi¢ [4]. See: Taskovi¢ [30].

The following statement, from Theorem 8, gives an integral representa-
tion theorem for functions from the class Tr(ORV).

Theorem 4.12. (Representation Theorem). A function f € Tr(ORV)
if and only if there exist o € R and measurable and bounded real functions u
and n on Iy for some b > a such that, for x > b,

(11) f(z) =exp (Ux + p(x) + /bw n(t)dt) .

We notice that as to conclude, and for the sake of completeness, we
give here a proof of the preceding statement, via Theorem 8, which may be
of some interest.
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Proof of Theorem 9. Fix a b > a such that (by Corollary 3 of Theorem
8) the function log f is locally bounded (and so locally integrable) on Ij,. For
s > 0 and = > b one has

S fE+D) o f+s)
/logf(t+$)dt+/b log 0 dt =
T+s

0
b+s s+ b
:{ + +/ +/}logf(u)du:0.
b s+b T

On the other hand
| 1o (@it = slog 1(a),
0
so that, by addition, we obtain

§ flt+0) * flit+s) _
/{)log(f(x)f(t+$)>dt+/b log 0 dt = slog f(x).

Consequently, the function f can be represented in the form (11), where
we have, for 7 € R, that is

o=Z, ) =m) =1 (mw - )

; s\t T
and
A [ ) )b
u(m)—usm—s{/o log £t + b)dt /olgT:c) dt} a

In this sense, the functions p and 7 are bounded on I, because first,
the function log(f(z +t)/f(z)) is bounded for 0 < ¢ < s and b < z < ¢ (for
each ¢ > b) and second, by Theorem 8, there exists a number ¢ > b such that
this function is bounded for 0 < ¢t < s and = > ¢, too. Hence we have that
(10) implies (11).

Conversely, if f is of the form (11) and p and 7 are bounded, i.e. |u(z)| <
M and |n(z)] < N for > b, one has for A >0, x > b and = + A > b we have

fla+x) _ exp (0)\ oz + N — plz) + /:H n(t)dt> <

f(z)
<exp(ocA+2M + AN);
and thus we have that (11) implies (10). The proof is complete.

Theorem 4.13. (Characterization Theorem). A function f € Tr(ORV)
if and only if at least one of the following conditions hold:

(Ta) There exist four numbers 0 < m < M < oo and p < T such that
for all y > x > b the following inequalities hold:

mexp (ply - 2)) < % < Mexp (r(y — 2)).9
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(Tb) There exists a real number p such that, as x — oo, the following
fact holds:

/ e PLf(t)dt < e P f(x) on I. for each c > b.
b

(Tc) There exists a real number T such that, as x — oo, the following

fact holds:
/ e T f(t)dt < e T f(x)  on I.

x

In connection with this statement, we notice, moreover, if f € Tr(ORV)
then, from Theorem 9, we obtain that there exist four numbers m, M, p and
7 such that m = e 2¢, M = ¢2¢, p = —N + 0 and 7 = N + 0, and where
lp(z)] < C and |n(z)| < N for = > b.

Conversely, if (Ta) holds, then directly for y = x4+ X\ > x as x — oo we
obtain that f is a Tr(ORV') function.

This means that f € Tr(ORV) if and only if (Ta). Thus, we need only
show that (Ta) is a equivalent to the (Tb) and that (Tb) is a equivalent to
the (Tc).

An illustration for the preceding facts is the following case. If §(¢) is an
arbitrary bounded measurable function on the interval [b,+00), then for the
function f(z) = exp (f," 6(t)dt) we have the following inequalities

flz+X)
exp(Ap) < ————= <exp(\7
(o) < o ()
for all z > b and A > 0, whenever p < §(t) < 7 for every t > b. Hence we have

feTr(ORV).

Second illustration, if §(t) is an arbitrary bounded measurable function
on the Iy for b > a > 0 and ¢ € R, then for the function of the following form
f(x) = exp(ox + [, 6(t)dt) we have the following inequalities

exp ((O’ + p))\) < % < exp ((O’ + T))\)
for all z > b and A > 0, whenever p < §(t) < 7 for every ¢t > b. Hence we
obtain f € Tr(ORV).

On the other hand, in fact, we notice that instead the fact (Ta) we can supposed that
the following fact holds that for a given A € (0,00) there exist m = m(\) and M = M())
such that

0<m() < f(}”(;r)t) < M(\) < oo

for each ¢ € [0, A]. Also, we can supposes a priory that m and M are independent of A.
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Theorem 4.14. Let f be a Tr(ORV) function and let r be the positive
and finite function on (0,00) defined by (10). Then there exist the following
limits

1
12 p=p(f)= tim 20

1
and q = q(f) = lim 2270,

—00 t

also, then
1) —co < p<g<oo.
> e for each t > 0,

2) r(®) < ePt foreach 0 <t < 1.

3) r(t) = et = e for each 0 <t < 1.

Annotation. In connection with this statement, the numbers p and q
are the lower index and the upper indez of the Tr(ORV') function f. If p = ¢,
we say that f is of index p. A special interest are Tr(ORV') functions of
index p = 0; and we call them slow Tr(ORV') functions. For a given Tr(ORV')
function f define:

(7s) p = p(f) = suplim inf n(z),
n

and

(mi) p = p(f) = inf lim sup (),

where the sup and inf are taken over all measurable and bounded functions 7
on I for which there exists a measurable and bounded function g on I such
that (11) holds. In this sense:

(13) p, = p,(f) =sup {o € R:e 7" f(z) almost increases®on I},
(14) pr=pi(f) =inf{T € R: e " f(z) almost decreases on I},
(15) p, = p,(f) =sup {UER: / et f(t)dt <
- - b
=< e 7 f(x) on I. for each ¢ > b},

(16) Py = po(f) = inf {T eR: /00 e T f(t)dt < e f(x) on Ib} :

%) A function f positive and finite on I, is said to be almost increasing on I, (¢ > b) for
x > c if there exists a constant M > 1 such that

f(iv) < Mf(y) foreachy>uz>c,
or equivalently, if

f(z) < Mt11>1f f(t) for each z > c.
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Suppose, in the sequel, that f is a Tr(ORV') function of lower and upper
index p and ¢, respectively.

Annotation. We notice, in connection with the preceding facts, that
if f is a measurable and almost increasing function on I, then:

(17) Fy(z) == / e f(t)dt < e ** f(x) on I. for each a < 0,

(18)  Fj(x):= / e f(t)dt = e ** f(x) on I. for each a > 0,

for which FZ(c) is finite. Indeed, from f(t) < M f(z) for ¢ < ¢t < x, there
follows

X X M
Fulw) < MSG@) [ eetan < s [Cear < e,
c 0 G
and similarly, M f(t) > f(x) for t > x > ¢ implies that
> 1
ME(2) 2 f(o) [ et = e f(a),
. a

On the other hand, if f is a measurable and almost decreasing function

A function f(z) is said to be almost increasing when z — oo (i.e., for = large enough) if
it is almost increasing on some interval I., or, equivalently, if

HEES t1r>1f f(t) asz— oo.

In this sense, we note that the last relation has the same meaning as

flz) < t1r>1f f(t) asz— oo.

Also, by duality (with respect to the ordered set of positive real numbers in which f takes
his values), a function f is said to be almost decreasing on I. for x > c if there is a constant
0 < m < 1 such that

f(z) >mf(y) foreachy >z >c,
or, equivalently,

f(x) > msup f(t) for each z > ¢;
t>x

similarly, a function f(z) is said to be almost decreasing when x — oo if

f(z) = iggf(t) (z — 00),

or, equivalently, if

f(z) < sup f(t) (2 — o0).

t>x
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on I., then:
(19) Fi(x) < e f(x) on I, for each a > 0,
(20) Fuo(z) = e *f(z) on I for each a < 0 and each ¢ > c.

The proof for this is very similar with the preceding proof of (17) and
(18). Indeed, from mf(t) < f(x) for t > = > ¢ there follows:

oo (e.9] 1
mE}(x) = m/ e f(t)dt < f(x)/ e dt = —e " f(x)
o
X x
for z > ¢; and f(t) > mf(x) for x >t > ¢ implies
x x
Fy(x) = / e f(t)dt > mf(m)/ e dt > n (1—e ) e " f(x).
—«
C C
In further, we notice that, the proof of Theorem 11 is based on the
following statement and its consequences.

Lemma 1. Let the function p be positive, finite and locally bounded
from above on (0,00) and such that p(s+t) < p(s)p(t) for each s and t. Then
1 t 1 t
(21) lim —2 pt) — inf 22 o )

t—o0 t t>0 t

Proof. For proof of the fact (21) it is enough to prove that the following
inequality holds
1 t 1 t
lim sup 128 2%)  logp(t)
t—o00 t

for each t > 0;

in this sense, fix a t > 0 and let s = t. Then for n € N we have first
p(nt) < (p(t))" fort >0,
and, dividing by nt > 0, we obtain

log p(nt) _ log (p(t)" _ log p(t)
nt nt ot
hence, for x > kt (k = 1,2,...), there exists some integer m > k such that
mt < x < (m + 1)t. By the preceding inequality

sup log p(z) _ sup sup logp(u) _ sup log p(t) _ logp(t)

a>kt T n>knt<u<(n+l)t U >kt t

i

and the required statement follows by letting k¥ — oo. The proof is compleete.

Corollary 4.15. Let the function p be positive, finite and locally bounded
from above on (0,1] and such that p(s+t) < p(s)p(t) for each s and t in (0,1].
Then

1 t 1 t
(22) lim 20820 _ ,, losr®)
t—0+ t 0<t<1
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We notice that for the proof of this statement one has only to apply
Lemma 1 to the function p(1/t) for ¢ > 0.

Corollary 4.16. Let the function p be positive, finite and locally bounded
from above on (0,00) and such that p(s+t) < p(s)p(t) for all s,t > 0. Denote
by q and p the limits in (21) and (22), respectively, then

—o00 < p<g<oo.

Proof. Facts ¢ < oo and p > —oo follow from (21) and (22), respec-
tively. From p(s+1t) < p(s)p(t) it follows that (p(l/t))l/t < (p(t))t for ¢ large
enough, i.e., we obtain

log p(1/t) _ logp(t).
1t =t
and hence the statement p < ¢ directly follows by leetting ¢ — oo. The proof
is complete.

Corollary 4.17. Let the function p be positive, finite and locally bounded
from above on (0,400) and such that p(s+1t) < p(s)p(t) for all s,t > 0, then

>e?  for eacht >0
(23) p(t) { < ePt for each 0 <t <1,

where g and p denoted the limits in (21) and (22), respectively.

Proof of Theorem 11. The proof of this statement is now immediate,
since the function r of Theorem 11 satisfies all hypotheses required for the
function p in Lemma 1 and its Corollaries (definition (10) and its immediate
consequence and Corollary 2 of Theorem 8).

Lemma 2. Let f be of the form (11). Then the function e f(x) al-
most increases on I, for X\ < o + liminf, . n(z) and almost decreases on I
for A > o+ limsup,_, . n(x).

We notice, using the numbers defined and denoted by p, p, (13) and
(14), the result of Lemma 2 may be stated as follows:

(24) p(f) < p(f) and p(f) =pi(f)-
Proof of Lemma 2. From (11) follows
@) I e (w) - ne) + 00 + 0 - )

for y > x > b and for any real number a.

The function exp p(z) being bounded away from both 0 and oo, and so
almost increasing and almost decreasing on I, we can assume that p = 0. For
the same reason the function f is almost increasing and almost decreasing on
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every finite interval [b, c] for ¢ > b. Hence, it is sufficient to prove that Lemma
1 holds on some interval I. (¢ > b). Choose ¢ > b such that n(t) > o — A
(<o —\) for t > ¢. From (25) with a = A then follows

M f(y) Y
€ Yy) _ _ 0 _
for y > x > ¢. The proof is complete.

Lemma 3. Let f be a positive and measurable function on I,. Suppose

that there exist two numbers oy and 1o such that e=?% f(x) almost increases
and that e~ ™% f(x) almost decreases on I,. Then

(26) / e PLf(t)dt < e P f(x) on I,
b

for each ¢ > b and each p < oy, and

(27) / e T f(t)dt < e ™" f(z) on I,

for each T > 1.

Proof. The statement follows immediately from the properties (17),
(18), (19) and (20) of almost monotone functions: one obtains (26) by putting
f(t) with e=?0 f(t) and o = p— o9 in (17) and (20); and, similarly, (27) follows
by putting f(t) with e ™! f(¢) and o = 7 — 79 in (18) and (19). The proof is
complete.

We notice, using the numbers defined by (13), (14), (15) and (16), the
result of Lemma 3 can be stated as follows:

(28) p,(f) < p,(f) and py(f) < pi(f)-
The previous reasoning and Lemma 3 show that the sets in (15) and
(16) are intervals.

Lemma 4. Let f be a positive, measurable and locally bounded function
on Iy. Suppose that for a real number p the fact (26) holds for some ¢ > b.
Then f can be written in the form (11), where p and n are measurable bounded
functions on I, and

liminfn(x) > p —o.
T—00

Proof. For b < z < ¢ we can take u(x) = log f(x) and n(x) = 0. Hence,
it is enough to determine p and n for x > ¢. Let m and M be real numbers
such that 0 <m <1 < M and

e ()
j; —PLf(t)dt —

m < B(z) = <M forz>c.
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On the other hand, since

/c ' B(a)da = [log /b "ot f(t)th

for y > ¢, and so for x > ¢

f(z) = e B(x) / T ot f(t)dt =

b

= {epCB(x) /b St f(t)dt} {ef’(w@ exp ( / ’ B(t)dt> } ;

hence statement follows if we put
w(x) = log {e(”_")CB(m)/ e_”tf(t)dt} and n(x) = B(z)+p—o.
b

Lemma 5. Let f be a positive, measurable and locally bounded function
on Iy. Suppose that for a real number T the fact (27) holds. Then f can be
written in the form (11), where p and n are measurable bounded functions on
I, and

limsupn(z) <1 —o0.

r—0o0

Proof. Let m and M be real numbers such that 0 <m <1< M and
e T f(x)

<G = -1 <
m < G(z) NGO

for x > b. Since

/by Gt)dt = — [10% /:O eth<t>th s %

for y > b, and so for x > b

@) = Gla) | T eyt =

T

o o) ([ -0

hence statement follows if we put
p(zx) = log {e(TU)bG(:U)/ eth(t)dt} and n(z) =7-—0— G(x).
b

We notice, using the numbers defined by (ns), (ni), (15) and (16) the
result of Lemmas 4 and 5 can be stated as follows:

(29) p,(f) < p(f) and p(f) <Pa(f)-
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Moreover, the realations (24), (28) and (29) imply the following equal-
ities:
(30) p(f) =p,(F) = p,(f) and p(f) =Pp.(f) = Pa(f)-

From this facts we have as an immediately consequence a part of the

following statement.

Theorem 4.18. Let f be a Tr(ORV') function of lower and upper in-
dex p and q, respectively. Then

(31) p=p=p,=p, and q=7=Dp =Py
We notice, from (30), for proof of Theorem 12, i.e., (31), we need only
show that p = p and ¢ = p. On this sense the following statement holds.

Lemma 6. Let f be a Tr(ORV) function of lower and upper index p
and q respectively. Then

(32) p=p,(f) and q=7p(f).

Proof. We shall prove the second relation in (32). By applying it to the
function 1/f one obtains the first one.

If e77 f(x) almost decreases for x > b, there exists by definition a real
number M > 1 such that

—ry
eif(ng fory > x > b.
e f(x)
In further, by putting y = = + t, this inequality becomes
flz+1)

< Me™ forxz>bandt >0,

f(x)

and hence

: flz+1)

r(t) = limsup ———

Q w—>oop f(z)
and by 2) of Theorem 11 we obtain
e < M™ fott >0,

i.e., consequently of this, ¢ < 7. If 7 > ¢, then, by definition (12) of the upper
index ¢, there exists a number d > 1 such that

log r(d)

d
Consequently of this, by definition of the function r, there exists x¢g > b

such that

< Me™ fort>0;

<7, ie,r(d) <e

f(l‘ + d) e‘rd
f@)

for x > xg.
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On the other hand, by Theorem &, there exist real numbers M > 0 and
x1 > b such that
flx+s)
f(x)
then, for ¢ = max{zg,x1}, for > ¢ and for some n € NU {0} if t = s + nd
we have

<M forx>zxand 1 <s<d;

flx+t) fle+s+nd) f(z+nd f(z+d) <

f@ ~ flatnd) fl+n-Dd) T fl@)
< M(e‘rd)n _ Me‘rnd _ Me‘r(tfs) < M@Tt.

Hence, the function e 7% f(x) is almost decreasing for x > c¢. Being
logarithmically bounded on [b, ¢], the same is true for b < x < ¢ and, hence,
for x > b. The proof is complete.

Proof of Theorem 10. Directly, from Lemmas 2, 3, 4 and 5 follows
equivalence of conditions (Ta), (Tb) and (Tc) by the facts: (Ta) implies (Tb)
and (Tc) — from Lemma 3, Lemma 4 implies that f € Tr(ORV) is a conse-
quenca of (Tb), Lemma 2 implies that (Ta) is a consequence of f € Tr(ORV),
and Lemma 5 implies that f € Tr(ORV') is a consequenca of (Tc). The proof
is complete.

Theorem 4.19. Let f be a Tr(ORV) function of lower and upper in-
dex p and q, respectively. Then

(33) lim e " f(x) =00 for each o < p,
(34) lim e "™ f(z) =0 for each T > q.

Annotation. For the proof of this preceding statement we have to
introduce the following numbers:

1
(35) p*:p*(f):hminfM and p* = p*(f) = limsup

log f(x)
x 00 x
for the Tr(ORV) function f, and so, we proved that
(36) pu(f) =sup{o e R: e’ X f(x) as x — oo}.
In the equality (36) one can, evidently, substitute < by =, i.e.,

liminfe "™ f(z) > 0

by lim, o e~ 7% f(z) = oco. Since p*(f) = —p«(1/f), we have
(37) pr=p"(f)=inf{reR: f(z)xe™® as x— o0},
where f(x) < €™ can be substituted by f(z) = €™, i.e., limsupe ™" f(z) < o0

r—0o0

by lim, o e~ 7" f(x) = 0. (For further facts see: Taskovié¢ [30]).
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Theorem 4.20. Let f be a Tr(ORV') function of lower and upper in-
dex p and q, respectively. Then, if o < p the following equivalent realtions are
true:

(38) tlr>1f e f(t) < e f(x) on Iy,
>x
(39) sup e 7 f(t) < e f(x) on Iy,
<t<zx
(40) there exists a positive nondecreasing function ¢ on I such that

flx) < e (x) on Iy;

if T > q the following realtions are true:

(41) supe THf(t) < e T f(x)  on I,
t>x
42 inf e T'f(t) <e " I
(42) Jnf e =T () on I,
(43) there exists a positive nonincreasing function vy on Iy such that

flx) =< e™YP(x) on 1.

Proof. If 0 < p, then the function e~ f(x) almost increases on Ij,, and
by the definition and some properties of almost monotone functions® this is
equivalent to each of the facts (38), (39) and (40). The dual statements (41),
(42) and (43) follows in analogous way. The proof is complete.

An important remark. The proofs of Theorems 8-14 I am make by
the pattern from papers: Aljancié-Arandelovi¢ [4], Matuszewska [22], Matu-
szewska-Orlicz [23], and Karamata [19].

5. Some subclasses of the class Tr(ORV)

From the preceding facts we have the following relations: Tr(SV) C
Tr(RV) C Tr(ORV). In this sense we give a number new examples of sub-
classes functions of the class Tr(ORV).

S A function f is almost increasing on I, if and only if there exists an increasing function
1 on I. such that f(z) < ¥(x) on ..

If log f is locally bounded on I. (bounded on [c,d] for each d > ¢), then the following
facts are equivalent:

(al) f is almost increasing on I..

(a2) sup f(t) < f(z) asz — oc.
c<t<

(a3) sup f(t) < f(z) asz — oo.
c<t<lwz

In this sense dual facts holds and for almost decreasing functions. This follows in an
analogous way.
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Example 1. (T'r(ERV) functions). A positive, finite and measurable
function f, defined on I, for some a > 0, is said to be translational extended
regular variation at infinity (denoted this class by Tr(ERV)) if

Sl A) flz+A)

exp(Ad) < hwrllgf ) < hgrﬁris;p )

for some d, p € R and for every A > 0. We have clearly Tr(RV) C Tr(ERV) C

Tr(ORV), i.e., Tr(ERV) is a subclass of the class of all Tr(ORV') functions.

Annotation. We notice, an intermediary class of functions of extended

regular variation (denoted by ERV') was found by Matuszewska - Orlicz [23].

In this sense, a positive, finite and measurable function f|I, is said to be ERV
if

< exp(Ap)

A< h;r_l)gf e ) < lmésgp @) <A
for some d, p € R and for every A > 1. As well-known SV C RV C FRV C
ORV . For more detail see [7].
Example 2. (T'r(S.) functions). A positive finite and measurable func-
tion f|I, is said to be translational S, varying at infinity (denoted this class
by Tr(S.)) if the limit

L f et ()
e—o0 f(x)

for every continuous function 1 : I, — (0,00) tending to 0 as  — oo. That

is Tr(S.) C Tr(ORV) follows from the following statement.

=1

Lemma 7. A function f € Tr(S.) if and only if the following fact holds
that is

R
(44) lim ——— =1
SNy f(x)

Proof. If (44) is not true, then we can find sequences (A\,) and (z,)
such that A\, — 0 and z,, — 00 as n — oo, and

‘fmn—i-)\) 1’25 for n € N.

If define ¢(x,) = Ay, for n € N and elsewhere to be linear and continu-
ous, then, clearly, ¥(z) — 0 as x — oo and

f(mn'i‘w(xn ‘fﬁ(}n—i-)\)

for n € N. Hence f ¢ Tr(S.). (For the second proof of this see: Taskovi¢ [30].)

—1‘25
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Conversely, assume that f is satisfying the condition (44). Then for
any € > 0 there are dp(¢) and v(¢) such that ‘(f(x +N)/f(z)) — 1’ < eif
Al < do(e) and = > ~(e). If ¢(z) — 0 as x — oo, then there is a xy such
that [¢(z)| < do(e) for & > mo. Thus, |(f(z + ¥(z))/f(z)) — 1| < € for
x > max{xo,y(¢)}, which means that f € Tr(S.). The proof is complete.

Annotation. A function f is a ¢-functionif f : [0,00) — [0,00), f(0) =
0, f is continuous and increasing, and f(z) — oo as x — 0.

From Matuszewska - Orlicz [23], also see and Schmidt [25], K, is the
set of all ¢-functions f with the property

1 L0002)

v—oo f(x)
for every continuous function « : [0,00) — (0,00) tending to 1 as z — oo.
From D. Durcié¢ [32] follows that f € K, if and only if

=1

. f(Ar)
lim =1.
or @

Example 3. (I'r(VD) functions). Consider arbitrary functions = and
y which are positive on the interval I, for some a > 0 and z(t), y(t) — oo as
t — oo. If in addition f is positive and measurable on I, we can consider the
following fact:

(45) Jim (2(f) ~y(1) =0 implies lim jj gg;g _

The class of all functions f which satisfying the condition (45) is denoted
by Tr(VD).

Lemma 8. For a positive and measurable function f : I, — (0,00) the
following facts are mutually equivalent:

(a) feTr(VD).

(b) If (ay) and (by,) are arbitrary sequences tending to oo, then we have
that limy, .o (a, — by,) = 0 implies that lim, (f(an)/f(bn)) =1.

(c) It holds true

lim 7‘]0(:6 +A)
z—oo  f(x)

A—0
Proof. Let f € Tr(V D). Taking z(t) = ay, and y(t) = b, for n <t <
n + 1, we have that

=1.

lim —f<an) = — =
n=eo f(bn) oo f(by)
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This means that (a) implies (b). That (b) implies (c), first, take any
sequence z,, > 0 tending to co, and any sequence A, > 0 tending to 0 as
n — oo. Second, putting a,, = =, + A\, and b, = z,, we find using (b), that

lim L& A)
n—oo  f(zn)
whence we get (c).

Further, by relation (c) we conclude that for every £ > 0 there exist
some (g) and §(¢) > 0 such that |(f(z+ \)/f(z)) — 1| < e for z > 7(e) and
A < 6(e).

By assumptions from (a), we have that ‘x(t)—y(t)’ < d(e) for t > t; and
y(t) > () for t > to. Taking to = max{to, t1} we find that |(f(z(t))/f (y(t))—
1| < e for t > ty. Thus (c) implies (a). The proof is complete.

Some further facts. In connection with the preceding class Tr(V D)
functions we have an analogous with the Theorems 6 and 9, as a middle
solution problem of representation for the classes Tr(RV) and Tr(ORV).

Theorem 5.21. A function f € Tr(V D) if and only if there exist o €
R and measurable and bounded real functions p and n on I, for some b > a
such that

f(z) =exp <O’.CL‘ + p(x) +r(x) + /I:C n(t)dt)

forx > b, where p(x) — 0 as x — oo and r is a uniformly continuous bounded
function on the interval I, for some b > a.

Indeed, since the class T'r(V D) is a proper subclass of the class Tr(ORV),
by Theorem 9 we have that every function f € Tr(ORV') has the representa-
tion

f(z) = exp (Ux + () + /b ’ n(t)dt)

for some o € R and some measurable bounded functions p and n on I for
some b > a. Since f,g € Tr(V D) implies that f-g € Tr(V D) and since the

function.
P(x) = exp <033 + /ff n(t)dt)
b

for x > b belongs to the class Tr(V D) we obtain the following fact that is
f € Tr(VD) if and only if

lim ( lim (u(z + ) — ,u(x))) —0,

A—0 \z—o0
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i.e., from a result of Durci¢ [32], the function u(x) has a form h(x) + r(zx),
where h is a measurable bounded function such that h(xz) — 0 as z — oo and
r is a bounded and uniformly continuous on I, for some a > 0.

A general remark. In the preceding parts of this paper we presents
main facts on three new classes of functions which have important applications
in the study of asymptotic processes and ergodic theory. For further facts of
this see: Taskovié¢ [29] and [30].

6. Translational regularly varying sequences

We notice, in actual fact a weaker definition of (9) can be used, for the
assymption that this positive finite limit property obtains for all A in a subset
of positive measure of (0,00) implies that it obtains for all A € (0, c0).

In connection with this, i.e., with (9), since h()) is a positive measurable
solution of the following functional equation

h(u +v) = h(u)h(v), wu,v >0,

it is well known that h(\) = e’ for some finite o, and so we can write
f(z) = e A(z), where
A
lim M =1 for each A > 0;
A T A

such a translational regularly varying function, for which the index o of trans-
lational regular variation is zero, from the former facts, is called translational
slowly varying (denoted this class by Tr(SV)).

In connection with the preceding facts, a sequence of positive terms
(c(n)) is said to be translational reqularly varying (denoted this class sequences
by Tr(RVs)) if
(46) tim 2T A

e ()

for all A > 0, where 0 < h(\) < occ.
It is natural to do this and to expect properties of translational regularly

= h(})

varying sequences so defined to have a theory similar to that for translational
regularly varying functions.

It is this last point which is the focus of and motivation for the present
paper. We shall show that an analogous theory can be developed from (46),
but that this development is not generally close, and sometimes far, from a
simple imitation of arguments for translational varying functions, a fact which
does not appear to have been hitherto apparent.
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On the other hand, specifically, if (¢(n)) is a sequence of positive num-
bers satisfying, for some sequence of positive terms (a(n)),

= f € (Oa OO)
where

s (50
lim log | —————= | =0, —oc0<o <o,
n—00 aln—1)

then (c¢(n)) is said to be a translational regularly varying sequence of index
.

If (¢(n)) is a translational regularly varying sequence in the above sense,
the function f defined on I, by f(x) = c¢([z]), is a translational regularly
varying function. In this case, make it then possible to apply the results
about translational regularly varying functions to the theory of translational
regularly varying sequences.

We notice that without this the preceding facts, as we shall see, the
theory of translational regularly varying sequences cannot be reconstructed
along the lines of the theory of translational regularly varying functions.

According to Karamata definition in [16], a sequence of positive numbers
(c(n)) is regularly varying if, for some p € (-1, c0),

(47) lim . Z c(k)

n—oo nc(n) —

!
o+

From this definition one obtains immediately the following representa-
tion theorem:

If (¢(n)) is a sequence of positive numbers such that (47) holds, then
there exist sequences (n(n)) and (6(n)) coverging to a finite number and zero,
respectively, such that

c(n) = n” exp (n(n) + Z &:)> for n € N.
k=1

Former facts. We notice that the elements of a theory of regularly
varying sequences were already apparent in the papers of Pdélya [24] and
Schmidt [25], which to some extent guided Karamata [16], [17] and [18] in
his development of the theory of regularly varying sequences and functions.
A similar, but slightly more general theory was developed almost at the same
time by Schur [28].

A unified theory of regularly varying sequences is given in the paper of
Bojani¢ and Seneta [10].
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As well as other properties of regularly varying functions and sketch
history, were reviewed in Bojani¢ - Seneta [8].

The following statements of this section are the main results on se-
quences. In this sense, a first result can be stated as follows.

Theorem 6.22. For a translational regularly varying sequence (c(n))
the limit function h()\) has the form h()\) = e’ for some finite o and every
A>0.

In connection with this statement, we can call the exponent o of h(\) =
e?N | arising in connection with a translational regularly varying sequence
(c¢(n)), the index of translational regular variation of the sequence. A trans-
lational regularly varying sequence of index zero is called a translational slowly
varying sequence in denoted this class by Tr(SVs).

The following immediate consequences of the Theorem 16 are very useful
in applications:

Corollary 6.23. A sequence of positive numbers (c(n)) is a transla-
tional reqularly varying sequence of index o if and only if

lim M ="M for every A > 0.

ne cfn)

Corollary 6.24. A sequence of positive numbers (c(n)) is a transla-
tional reqularly varying sequence of index o if and only if

c(n)=¢"A(n), forn>1,
where (A(n)) is a translational slowly varying sequence.

We notice that the proof of Theorem 16 is based on the following two
lemmas. In this sense, the proof follows the same ideas as the proof of Theorem
1 in Bojanié-Seneta [10].

Lemma 9. If (¢c(n)) is a translational regularly varying sequence, then
we have that ¢(n+ 1)/c(n) — 1 as n — oo.
Proof. First write a(n) = log(c(n 4+ 1)/c(n)). Then for A € (0,1), as
n — oo, we obtain that
n+1
> alk) =log(c(n +2)/c([n + A])) — —log(A(A)h(2));
k=[n+A]
and let
n+1
Ay(N) = > alk), for A€ (0,1),
k=[n+\]
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since
n+1 . .
1 1+ 1
A,(N) = k) if —<A<
AN = Yalh) T <A<
=1
fori=0,1,... ,n — 1, it follows that
1+ 1

1
— = if — <A<
Api1(N) —A,(N) =a(n+2) if p— A< 1

for any i =0,1,... ,n — 1, where it should be noted that
i i i+1  i+1
< =< < .
n+l " n n+l n
Define the following set

n—1 ..
1 1+ 1
E:|| — 0,1
! i=0 (n’n—i—l) €D,

so that for any fixed n and A € E,, we have A,,11(\) — A,(A\) = a(n + 2).
If suppose now that £ is an irrational number in (0,1), then for given
e > 0 we can find «(¢,¢) such that for n > a(&,¢), we have
[Ant1(§) — An(§)| <& and  [Apa(1 = &) — Ap(1 = §)| <e.
Hence, for fixed n > «(§, €), there are two possibilities: First, if £ € E,,
then

la(n +2)| = [An41(§) — An(§)] <,
and second, if £ ¢ E,, then from the definition of E,, it follows that
Tod i
§€ l:LJl [n +1’ E) ’
i.e., precise, for some 1 < i < n the following fact holds: i/(n + 1) < ¢ <'i/n,

so that

n—1 n+1-—1
<l —
&= n+1

and since 1 — £ is irrational, it follows that 1 — ¢ € E,, whence the argument
of the first case applies with 1 — £ in place of £. Thus we obtain that

c(n+3)

2) =1 —_—

aln+2) = log (C(n+2)
and thus the statement is proved.

i

)Ho as (n — 0o)

Lemma 10. For a translational regularly varying sequence (c(n)) and
for fized X and p the following fact holds that is
c([n+p+A)

B (T waL G
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Proof. Consider first the case where A € (0, 1). For positive integer n,
A p+n=A+[n+upl+AN+n+up)—(A+[n+p]), and since [z] < z < [z]+1,
we obtain

N+n4p)] <A+[n+p] <A+p+n=
— A+l O nd ) = O+ [+ ) < D+ [+ ] + 1+ 1;

hence

n+p+ A =[n+ul+A] or [n+p+A=]|[n+up+A+1,
and, in the first case we obtain

c(n+u+X)  ce([ln+ul+A])
c(ln+n) e+ mu)
while in the second case we have
c(fn+pu+A)  e([ln+pl+ A +1) ¢([ln+p]+A])
c(m+n])  c([ln+mu+A]) c([n+ ul)
In either case the limit of the right-hand side is h(\), in virtue of (46);

where in the second case we have used also Lemma 9. If A € (1,00), then we
obtain analogous

[+l +A] <n4+p+A<[[n+p]+XN +1+A<[[n4+p]+A] +2+[)]
so that [n 4+ p + A] can take on the values
[n+u]+ AL [In+u+ A +1,.. [In+ ]+ A] +1+ [N

and repeated use of Lemma 9 finitely many times gives the result in general
case. The proof is complete.

Proof of Theorem 16. If we proceed analogously to the function case,
then we may write for 0 < A, u < oo that is

c(n+p+N)  ce(ln+p+A)c(ln+pul)
c(n) c([n + ul) c(n)

and thus the Theorem 16 can be now proved easily if one observes that the
preceding equality, in view of (46) and Lemma 10, implies that h(\ + p) =
h(A)h(u), and that h is a positive measurable function. The proof is complete.

We notice that such results, which are also called ”imbedding” theo-
rems, make it then possible to apply the results about translational regularly
varying functions to the theory of translational regularly varying sequences.
The next result is the following extension theorem.

Theorem 6.25. If (c(n)) is a translational regularly varying sequence
of index o then, the function f defined on [0,00) by f(z) = ¢([z]), is a trans-
lational regularly varying function of index o.
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Proof. Since (¢(n)) is a translational regularly varying sequence of in-
dex o, for each p > 0, and fixed A > 0, by Lemma 10 and Theorem 16 we
have

- c(n+p+A) Y
N (E) |

and; since, for fixed A,

oo cletA) o
g)\( ) C([:L’])

is a right continuous function in z > 0, and as n — oo, gx(n + u) — 0 for
each p > 0, hence g)(z) — 0 as © — oo through all real values. Thus for each
A > 0 we obtain that is

c([x + )\]) ool

lim ————+ =

T—00 c([x]) ’

so f(z) = ¢([z]) is clearly a translational regularly varying function of index
0. The proof is complete.

In connection with the preceding statement, since we may now apply
for f all the properties possessed by translational regularly varying functions,
it is easy to deduce some of the analogous properties for the sequence (c¢(n)).
In this sense we have the following essential statement.

Theorem 6.26. (Representation Theorem). If (¢(n)) is a translational
reqularly varying sequence of index o, then there exist sequences (u(n)) and
(0(n)) coverging to a finite limit and zero, respectively, such that

(48) c(n) = pu(n)exp <Un + Z (5(k)>

k=1
for n € N. Conversely, such a representation for a sequence (c(n)) implies it
1s translational reqularly varying of index o.
In connection with the preceding facts, from Theorem 18, as an imme-
diate consequence, in particular, we have that
e Pc(n) — oo for every p<o
and

e c(n) — 0 for every T > 0.

Proof of Theorem 18. This proof follows from Theorem 17 and the
Representation Theorem for translational regularly varying functions.

If (¢(n)) is a translational regularly varying sequence of index o, by
Theorem 17, the function f(x) = ¢([z]) is a translational regularly varying
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function of index o. It follows then that there exists a positive integer b > a
such that for z > b we have

£(z) = p(z) exp <ax + /b me(t)dt) ,

where p(z) is a positive and measurable function on I, such that pu(z) — ¢ €
(0,00) as © — oo and (x) is a continuous function on I such that e(x) — 0
as x — 0o. Thus, for n > b we have

c(n) = f(n) = p(n) exp (Un + /b na(t)dt)

or

e(n) = p(n) exp <o—n+ ) 6<k>>,

k=b+1
where

k
i(k) = / e(t)dt, for k>0b+1;
k—1

and, we have, as n — oo, u(n) — ¢ € (0,00) and

sl < ((sw @) [ dt= s 0] 0

t>n—1 -1 t>n—1
Hence, finally, an obvious extension of sequences (u(n)) and (6(n)) for
1 < n < b completes the first part of the proof of Theorem 18.
On the other hand, conversely, if a sequence (c¢(n)) has the representa-
tion (48), then we have, for each A > 0, as n — oo,

cl\|n n [n—i-/\]
([CJZ))\D _ M([M(Z))\]) exp | o {[n+ A —n}+ Z sk | — e,
k=n

since [n + A] —n — [A] and
[n+A]
S 6(k) < (2&" |5<k>|) {fn+X - n} —0.
k=n =n

Theorem 6.27. A sequence (c(n)) of positive numbers is a transla-
tional reqularly varying sequence of index o if and only if there is a sequence
of positive numbers (a(n)) such that

(49) im < _ ¢ ¢ (0,00),

where

o o6 (220 o aon e
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Proof. We shall show first that conditions (49) and (50) of statement
imply the representation (48) for (¢(n)), so the sufficiency part of Theorem
19 follows from Theorem 18. Let

a(n)
51 =1 —
(51) pln) = log (=20
where «(0) = 1. By (50) we have p(n) — o(n — o0). From (51) follows that,
for n > 1, we obtain

> for n € N,

ie.,

and, finally,

c(n)
a(n)

= p(n) exp (Un +) 5(k‘)> :

k=1

c(n) = exp (log + loga(n)> _

where p(n) = ¢(n)/a(n) is a convergent sequence and d(n) = p(n) —o — 0
(n — o0).

Converselly, if (¢(n)) is a translational regularly varying sequence of
index o, then, from Theorem 18, we have (48). If u(n) — & € (0,00) as
n — 00, let a(n) by defined by

a(n) = exp (UTL + ié(l{)) for n € N;

k=1
then (49) clearly holds and

log (%) =log(exp{oc +d(n)}) =0+6d(n) —o

as n — oo, i.e., (50) follows. The proof is complete.

Theorem 6.28. A sequence of positive numbers (c(n)) is translational
reqularly varying of index o if and only if, as n — oo,
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(1)7) for every p < o:
max {e_pkc(k‘)} ~e e(n)

1<k<n
and
; —pk ~ p—PT .
Iirzlfm {e c(k)} e e(n);
and
(ii) for every T > o:
: —7k —Tn
12}3271{6 c(k)} e "c(n)
and

sup {e*ch(k)} ~e Tc(n).

k>n
Proof. First suppose that (c¢(n)) is a translational regularly varying
sequence of index o. We have that is

li e en) <1

im su ,

TL*)OOp maxi<g<n {e‘pkc(/{)} o

and, thus, in order to prove the first of the relations (i), it will be sufficient
to show that

—on
lim inf e e(n) > 1.
oo\ maxi<p<n {ePre(k) }
If this inequality were not true, there would exist sequences (a;) and
(b;) of positive integers such that 1 < b; < a;, where b; — 00 as i — oo in
view of fact that e=#"c(n) — oo for every p < o and
—Pai (g
lim clai) g
i—00 6_pbic(bi)
Since e *"¢(n) = exp ({o—p}n) A(n) is a translational regularly varying
sequence of index ¢ —p > 0, by Theorem 19 we can find a sequence of positive
numbers (a(n)) such that

e Pe(n) a(n)

G N 1 ") _

e — ¢ € (0,00) and Og(a(n—l) —o—p

as n — oo. In view of the preceding relations, the sequence («(n)) is eventually
nondecreasing. Writing e ""¢(n) = a(n)a(n), we have

. . —pag .

lim ala;) o a(b;) e "ic(a;)

i—oo a(b;)  i—ooala;) e Phic(by)

=d< 1,

Dy ~ bn (n — 00) means ay /b, — 1 (n — 00).
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which is impossible since «(a;) > a(b;). To prove the second of the relations
(i), observe first that

—pn
lmint [ ¢ e > 1.
n—co \ infy>, {e~Pkc(k)}

and suppose that

P
lim sup ( e e(n) ) =d>1;

n—oo  \ infy>n {ePrc(k)}

and, since e *"¢(n) — oo (n — o0) by Theorem 18, it is easy to see that
inf>,{e P*c(k)} is actually attained for some k > n and for each n € N. From
here, the proof is analogous to the preceding proof. The proof of relations (ii)
of statement is similar and hence omitted.

Next, suppose that (c(n)) is a sequence of positive numbers satisfying
(i) and (ii) of statement. We have

c([n+ ) S c([n+ X)) _
c(n) T ermmaxicp<pninie Pe(k)}

epln+Al ( e—p[n+/\}c([n+)\]) )

e\ maxi<p<niaiee(k)}

and, hence, by the first of the realtions (i) of statement we obtain

c([nJr )\])

lim inf > PN,
R )
and, on the other hand, next
c([n+ A) < c(fn+ ) _
c(n) T e ming<pcpqnie ™ e(k)}

el ( e~ e ([n 4 \) )

e™  \ minj<p<ppa{e ™ e(k)}
and so, by the first of the realtions (ii) of statement, we obtain

lim sup 70([” + )\])

< TN
n—oo C(n) €

—_ Y

i.e., since p < 0 < T can be chosen arbitrarily close to o it follows that

i c(fn+ ) ol
=

for every A > 0. Now the proof is complete. (For this see and: Taskovi¢ [29].)
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Some applications. From the preceding statements we are now in a
position to formulate the following consequences:
(a) If (c(n)) is a translational regularly varying sequence of index o,
then the following inequalities hold that is
. 1 " ak €a+p
lim sup e_Tc(n) Z e C(k’) S m

for some a+ p <0 and p < o; and that is
.. 1 = ok et
ity 27 ) 2 T
for some a+7 <0 and o < T.
(b) If (c(n)) is a translational regularly varying sequence of index o,
then the following mequalities hold that is:

1
. ak
lim sup cone(n E e < 1 -

n—o0

for some a+71 <0 and o < 7y (md that is
o0

1 1
liminf ——— Z eFe(k) >

n—oo e*c(n) h 1—extr
=n

for some o+ p <0 and p < o.
Proofs. Assume that (¢(n)) is a translational regularly varying se-
quence with index 0. Let o + p < 0 and let p < 0. We have then

Zeo‘kc(k) = Ze(o‘+p)k6_pkc(l€) <
k=1 k=1

< {1?52{” (efpkc(k:)) } Z 6(a+p)k;

k=1
and since a + p < 0 and p < o, we have

" +
3 el g LN
1 —eatp ’
k=1
hence
Z eakc maxi<k<n (e_ﬂkc(k;)) Lok 1 — elatp)n
e PTLC - 6—pnc(n) 1 _ eatr 5
and so, by the ﬁrst of the relations (i) of Theorem 20, we obtain
n a+p
ko) < T
hﬁrisolépe pre(n Ze c(k) < 176%/)
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Likewise, if « + 7 < 0 and 7 > o, then we have

Zn: eakCUﬁ) _ Zn: e(a+‘r)k€f‘rkc<k) >
k=1 k=1
> {12}61271 (e_TkC(/{:)) } Z 6(a+7')k;

k=1
and since
. (a+7)k « 1-— 6(a+7')n
¢ 1—eaxtr ’
k=1
hence
Z ok, ming<g<p (G*ch(k)) asrl— elatm)n
e e _—
e~ ™c(n e~ ¢c(n) 1—extr

and, so by the first of the relations (ii) of Theorem 20 we obtain

ea—i—T

n

liminf —— E eak >

n—oo e*"'nc 1 — eatT’
k 1

e., (a) holds. On the other hand, if (¢(n)) is a translational regularly varying
sequence with index o and if &« +7 < 0 and o < 7, then we have

Z 6akc(/€) _ Z 6(a+7')ke—frkc(k) <
k=n k=n

—7k - (a+1)k.
< (ilzlg {6 C(k)}> Icz:%e ;

and since a« + 7 < 0 and 7 > o, we have

) 9]
Z e(a+7‘ _ a+7‘ n Z e a+‘r)k7
k=n k=0

hence

Z eak Supk>n Z e(Oc-‘rT
eomc e Tnc

and so, by the second of the relations (ii) of Theorem 20, we obtain

o

: 1 ak 1
hgisogp eane(n) kz k) < T
=n
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Likewise, if & + p < 0 and p < o, then we have that is

Z eFe(k) = Z eletPlke=rhe(k) >
k=n k=n

> {égqfl <€_pkc(/€)> } g e(a+p)k;

and since

Z elatp)k — (atp)n Z e(a+0)k,
k=n k=0

hence

1 N infy, {ere(k)} |
k) > = (atp)k
gy oty (M T ) 55,
k=n k=0
and so, by the second of the relations (i) of Theorem 20, we obtain

o0

. 1 ok 1
“E£fﬁkz ob) 2 T gars’
=n

which means that the proof, of (a) and (b) of the preceding statements, is
complete.

7. Translational O-regularly varying sequences

In connection with the preceding facts, a sequence of positive terms
(c(n)) is said to be translational O-regularly varying (denoted this class
by Tr(ORVs)) if

, c([n+ )
(52) hisolip ) r(A)
for all A > 0, where 0 < 7(\) < oo.

It is natural to do this and to expect properties of translational O-
regularly varying sequences so defined to have a theory similar to that for
translational O-regularly varying functions.

If (¢(n)) is a translational O-regularly varying sequence in the above
sense, the function f defined on I, by f(z) = c¢([z]), is a translational O-
regularly varying function. Make it then possible to apply the results about
translational O-regularly varying functions to the theory of translational O-
regularly varying sequences. In this sense we have the following extension
theorem.
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Theorem 7.29. If(c(n)) is a translational O-regularly varying sequence
then the function f, defined on [0,+00) by f(x) = c([z]), is a translational
O-regularly varying function.

Proof for this statement is analogous to the proof of Theorem 17.

In connection with this statement, since we may now apply for f all the
properties possessed by translational O-regularly varying functions, it is easy
to deduce some of the analogous properties for the sequence (¢(n)). Thus we
have the following essential fact.

Theorem 7.30. (Representation Theorem). If (¢(n)) is a translational
O-regularly varying sequence, then there exist o € R and bounded sequences
(u(n)) and (6(n)) such that

(53) c(n) = exp (m”c +pu(n)+ Y 6(k))
k=1

for n € N. Conversely, such a representation for a sequence (c(n)) implies it
1s translational O-regqularly varying.

The proof of this statement follows from Theorem 21 and the Repre-
sentation Theorem for translational O-regularly varying functions.

8. Some subclasses of the class Tr(ORVs)

From the preceding facts we have the following relations: Tr(SVs) C
Tr(RVs) C Tr(ORVs). In this sense we give a number new examples of sub-
classes sequences of the class Tr(ORVs).

Example 4. (Tr(ERVs) sequences). A sequence of positive terms (¢(n))
is said to be translational extended regular variation (denoted this class by
Tr(ERVs)) if

A A
exp(Ad) < liminf M < lim sup M
n—oo  ¢(n) n—00 c(n)
for some d, p € R and for every A > 0. We have clearly Tr(RVs) C Tr(ERVs) C
Tr(ORVs), i.e., Tr(ERVs) is a subclass of the class of all Tr(ORVs) se-

quences.

< exp(Ap)

Remark. We notice, an intermediary class of sequences of extended re-
gular variation (denoted by ERVs) was found by Matuszewska-Orlicz [23]. In
this sense, a sequence of positive terms (c¢(n)) is said to be ERVs if

e eln) e e(m)
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for some d, p € R and for every A > 1. As well-known SVs C RVs C ERVs C
ORVs.

Example 5. (Tr(S..) sequences). A sequence of positive terms (¢(n))

is said to be translational Sc. varying (denoted this class by Tr(Sc)) if
(54) P (i ) I
T )

for every continuous function ¢ : I, — (0,00) tending to zero as r — 0.
Thus we have Tr(S¢.) C Tr(ORVs).

On the other hand, in special case, a sequence of positive terms (c(n)) is
said to be translational *-regularly varying (denoted this class by Tr(xRVs))
if

(55) lim (hm M) =1

A—0 \ n—oo C(n)

and, also, in this sense a sequence of positive terms (¢(n)) is said to be tran-
slational xO-regularly varying (denoted this class by Tr(*ORVs)) if

A
(56) lim (hm sup M) =1.
A—0 n—o0 C(n)
From the preceding facts we have the following essential statement
which is connected with the former Theorem 15.

Theorem 8.31. (Representation Theorem). If (¢(n)) is a translational

xO-reqularly varying sequence, then there exist 0 € R and bounded sequences
(u(n)), (r(n)) and (6(n)) such that

(57) c(n) = exp ((m +p(n) +r(n)+ Y 6(k))
k=1

for n € N, where r is a uniformly continuous function on the interval Is for
some s € N. Conversely, such a representation for a sequence (c(n)) implies
it is translational *O-regqularly varying.

The proof (in main line) of this statement is analogous to the proof of
Theorems 15 and 18.

9. Some open problems and an illustration

We shall say that a positive, finite and measurable function f, defined
on I, for some a > 0, is a translational homothetic function at infinity
(denoted this class by T'H) if the limit

(58) lim LA+ T)

Jm =k(\ 1)
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is positive and finite for all A > 0 and 7 > 0. Thus, from (58), for A = 1 we
obtain the class Tr(RV) and for 7 = 0 we have the class RV in Karamata’s
sense.

Open problem 1. To invent representation of the class TH of the all
translational homothetic functions!? Also, to invent and some characterizati-
ons of the class functions TH!?

We notice, from (58) we obtain the following functional equation in the
form

k(A1) =k(1,7)k(X,0)

for all A > 0 and all 7 > 0. This is an essential fact for further solution of
open problem 1.

In connection with the preceding, parallel to the T'H functions we can
consider OT' H functions.

In this sense, a positive, finite and measurable function f on I, for some
a > 0 is said to be O-translational homothetic at infinity (denoted this class
by OTH) if

A fAx+1)
(59) 1 wﬂsoop 7}0(@

is finite for all A > 0 and 7 > 0. Specially, from (59), for A = 1 we have
defined the class Tr(ORV) and for 7 = 0 we, from the preceding equality,
obtain defined the class ORV in the Karamata’s and Avakumovié’s sense.

=r(\T)

Open problem 2. To invent representation of the class OTH of the
all O-translational homothetic functions!? In this sense, to invent and some
characterizations of the class functions OTH!?

In connection with this, we notice that, from

f(Az+71) _ fQz+71) f(Ax)
f(z) fQAz)  f(z)

there follows, as x — oo,
r(A,7) <7r(1,7)r()0)

for all A > 0 and all 7 > 0. This is an essential fact for further solution of
open problem 2.

As a speciall class functions we defined the following subclass of the class
OTH functions. In this sense, a positive finite and measurable function f|I,
for some a > 0 is said to be translational S. homothetic at infinity (denoted
this class by THS,) if the limit

) o @+ 9(@)

O
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for all continuos functions u,v : I, — (0,00) where pu(z) — 1 and ¥ (z) — 0
as r — 00.

Thus, from (60), for u(x) = 1 we obtain the class Tr(S.) functions (see
example 2). If ¢(z) = 0, then we have the class K, functions from Schmidt
[25] and Matuszewska - Orlicz [23].

Parallel to the THS, functions we can consider OT Hx functions and
OHTx functions. Namely, the class T Hx* functions (or HT* functions) it is
the class of all functions f|I, for some a > 0 which satisfying the following

equality

liII(lJ (lim M) =1 or lim (lim M) =1;

=0 \z—oo  f(x) A1 \z—oo  f(x)
and the class OT Hx functions (or OHTx functions) it is the class of all fun-
ctions f|I, for some a > 0 which satisfying the following equality

l;iéré (ligrcrisolép %) =1 or 1A1£r% (ligrcrisolép %) =1.

Open problem 3. To invent representation of the class T Hx functi-
ons (or HTx functions)! Also, to invent represantation of the class OT Hx
functions (or OHT* functions)!?

In the context with the preceding facts of this paper the following classes
of functions are of interest for further considered. Namely, it are the classes
of all functions f|I, for some a > 0 which satisfying the following equalities

lim (lim M) =1 or lim <limsup M) =1

for every 7 > 0, and, on the other hand, which satisfying the following equal-

ities
o (Jm S ) =1 ot (e £ <

for every A > 0. Does some of this classes functions equally of the some of the
classes functions introduced in this paper!?

In connection with this, the following classes of sequences are of interest
for further considered, i.e., it are the classes of all sequences of positive terms
(¢(n)) which satisfying

ty (Jm ) =1 o g (i ) <

for every 7 > 0, and, on the other hand, which satisfying the following equal-

Hies i <lim M) =1 or lim <1im sup M) =1

7—0 \n—oo  ¢(n) =0\ nooo c(n)

T—0
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for very A > 0. Does some of this classes sequences equally of the some of the
classes sequences introduced in this paper?!

In connection with the preceding facts, a sequence of positive terms
(c(n)) is said to be translational homothetic (denoted this class by T Hs) if

c([)\n + T])
m 2T
T o)
forall A > 0 and 7 > 0, where 0 < h(\, 7) < co. On the other hand, a sequence

of positive terms (c(n)) is said to be O-translational homothetic (denoted this
class by OT' Hs) if

= h(\,T)

) c([)\n + T])
limsup ———=*
n—oo  ¢(n)
for all A > 0 and 7 > 0, where 0 < r(\,7) < c0.

It is natural to do this and to expect properties of OT Hs (or T Hs)
sequences so defined to have a theory similar to that for OT'H (or TH) fun-
ctions.

Open problem 4. To invent representation of the class THs of the
all translational homothetic sequences!? Also, to invent representation of the
class OTHs of the all O-translational homothetic sequences!?

=r(\T)

Example 6. (T'HS,. sequences). A sequence of positive terms (c(n)) is
said to be translational S« homothetic (denoted this class by THS..) if

L el + ()

=1
e )

for all continuous functions pu, : I, — (0,00), where p(z) — 1 and ¢(x) — 0
as T — 00.

On the other hand, in special cases, a sequence of positive terms (c¢(n)) is
said to be x-translational homothetic (or x-homothetic translational) denoted
this class by *T'Hs (or «HTs) if

lim <lim M) =1 or lim (hm M) =1;

T7—0 n—oo C(n) A—1 n—oo C(n)

A—1 T—0
and, also, a sequence of positive terms (c¢(n)) is said to be *O-translational
homothetic (or *O-homothetic translational) denoted this class by *OT H s (or

«OHTs) if
A
lim <hm sup M) =1 or lim (lim supw
;:? n—o00 C(n) A—1 P00 c(n)

T—0

Open problem 5. To invent representation of the class THS . se-
quences!? Also, to invent representations of the classes. *T' Hs, x HTs, «OT Hs
and xOHTs sequences!?



150 Milan R. Taskovi¢

An illustration and application. We notice that Tauberian state-
ments are concerned with the deduction of the asymptotic behaviour of func-
tions from the asymptotic behaviour of their transforms. In this sense, a typ-
ical result of the Tauberian nature can be stated as follows.

Let G(z), defined and positive on I, for some a > 0, be given by

G(z) = / k(t)dt for b> a,
b
where t +— k(t) is a monotone function. Then for o > 0 we have that
k(x)
G(x)

where A(zx) is an arbitrary translational slowly varying function. (For proof
of this statement see: Taskovié¢ [29].)

G(z) = e’ A(z) implies — o0 (as x — 00),
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